Very accurate variational calculations of the complete pure vibrational spectrum of the ditritium (T 2 ) molecule are performed within the framework where the Born-Oppenheimer approximation is not assumed. After separating out the center-of-mass motion from the total laboratory-frame Hamiltonian, T 2 becomes a three-particle problem. States corresponding to the zero total angular momentum, which are pure vibrational states, are spherically symmetric in this framework. The wave functions of these states are expanded in terms of all-particle, one-center, spherically symmetric explicitly correlated Gaussian functions multiplied by even non-negative powers of the internuclear distance. In the calculations the total energies, the dissociation energies, and expectation values of some operators dependent on interparticle distances are determined. © 2014 AIP Publishing LLC.
I. INTRODUCTION
Treating the nuclei and electrons on equal footing and not assuming the clamped nucleus approximation makes the problem of calculating stationary, bound states of a molecular system much more complicated than the problem of determining bound states of electrons in the field of stationary nuclei, as it is done in calculations where the Born-Oppenheimer (BO) approximation is assumed. In non-BO calculations one deals with describing three types of correlation effects, i.e., the electron-electron, nucleus-nucleus, and nucleus-electron correlations. This places more demands on the basis functions which are used to expand the wave function representing a stationary state of the system. Also, for a non-BO calculation to be relevant it has to describe the system very accurately and, thus, the basis functions have to be capable of providing very accurate representation of the considered state. This can only happen if the basis functions used in the non-BO calculations explicitly depend on the distances between all pairs of particles forming the system.
The system we consider in the calculations performed in the present work is the T 2 hydrogen isotopologue. The basis functions for expanding the non-BO wave functions corresponding to the pure vibrational states of T 2 are multiparticle explicitly correlated Gaussian functions (ECG). It has been shown that the exponential dependence on the interparticle distances of these functions facilitates very effective description of the inter-electron correlation effects. Also, as the Gaussian functions have maxima at zero inter-particle distances, they are adequate for describing the nucleus-electron correlation. However, the strong nuclear-nuclear correlation is more difficult to describe with Gaussians only dependent on the inter-particle distances in the exponent because due to their repulsion and much heavier masses the wave function practically vanishes when two nuclei approach each other. To describe this behavior we multiply the all-particle ECGs by powers of the internuclear distances (by the internuclear distance in the case of a diatomic molecule). [1] [2] [3] The basis functions of this kind have been shown to very effectively represent zero-angular-momentum bound states of small diatomics. 4, 5 They are also effective in describing the oscillations of the wave function which arise when the system becomes vibrationally excited.
The T 2 molecule is a good model for testing non-BO calculations because its pure vibrational spectrum includes as many as 27 bound states. The main contribution to the wave function of the highest excited 27th state has 26 nodes. As in the non-BO calculations the coupling of the vibrational and electronic motions is explicitly included, the wave function may also include some minor contributions with nodes in terms of both the electron-nucleus and electron-electron distances. This effect is called the nonadiabatic state mixing in the approach based on the BO approximation. As in our non-BO approach no restrictions (other than the symmetry restrictions) are imposed on the wave function, the state mixing is automatically permitted to occur in the calculation. With this full accounting for the adiabatic and non-adiabatic effects is directly obtained in the calculation and one does not need to resort to the perturbation theory to account for these effects as it is done in the approach based on the BO approximation.
Recently we calculated the two lowest pure vibrational states of T 2 using a basis set of 10 000 ECGs for each state 6 using the non-BO approach. In this work the non-BO calculations are performed for all 27 bound pure vibrational states of this system. The sizes of the basis sets used range from 11 000 for the lowest ν = 0 state to 16 000 for the 25th state. In the non-BO calculations we are using a non-relativistic Hamiltonian obtained by rigorously separating out the motion of the center of mass from the laboratory-frame Hamiltonian. The "internal" Hamiltonian obtained this way is rotationally invariant and its eigenfunctions transform according to the irreducible representations of the group of 3D rotations (SO(3)). In particular, the ground state or any rotationless N = 0 state of a system with positive (natural) parity is represented by a spherically symmetric wave function, which can be expanded in terms of spherically symmetric ECGs. All zero-angularmomentum bound states (i.e., the pure vibrational states) of T 2 are such states.
The presentation of the results begins with a brief description of the method used in the calculations (a more complete description of the method can be found in our recent reviews 1, 2 ). The results obtained in the calculations are presented and discussed in Sec. III.
II. THE METHOD USED IN THE CALCULATIONS
In this work we consider all existing 27 bound rotationless states of the T 2 molecule. The standard Rayleigh-Ritz variational method is employed to minimize the internal energy and to optimize the wave function for each state. Each state is calculated independently. The rigorous separation of the center-of-mass kinetic energy from the laboratory-frame Hamiltonian results in the internal nonrelativistic Hamiltonian,Ĥ nonrel , which for T 2 has the following form:
In (1), q 0 = q 1 = 1 are the charges of the nuclei and q 2 = q 3 = −1 are the electron charges, r i , i = 1, 2, 3, are the position vectors of the second nucleus and the two electrons with respect to the first nucleus (placed in the center of the internal coordinate system; we call this nucleus the "reference particle"), r i are their lengths, r ij = |r j − r i |, m 0 = m 1 = 5496.92158m e are the triton masses, m 2 = m 3 = m e = 1 are the electron masses, 7 and μ i = m 0 m i /(m 0 + m i ) is the reduced mass of particle i. One can describe Hamiltonian (1) as representing three "pseudoparticles" with charges equal to the charges of the original particles, but with masses being the reduce masses, moving in the central potential of the charge of the reference particle. The motions of the three pseudoparticles are coupled through the Coulomb interactions and through the mass-polarization terms, − 1 2
As mentioned, spherically symmetric ECGs that include even non-negative powers of the internuclear distance, r 1 , as preexponential multipliers are used in expanding the spatial parts of the non-BO wave functions of the rotationless states of T 2 .
3 These ECGs have the following form:
where r = {r 1 , r 2 , r 3 } and denotes the vector (matrix) transposition. A k in (2) is a symmetric 2 × 2 matrix. The m k power ranges from 0 to 250 in the present calculations. The appropriate symmetry with respect to electron and nucleus permutations is imposed on basis functions (2) . As the present calculations concern states which have singlet multiplicities for the electrons and for the nuclei, each basis function is made symmetric with respect to the permutations of both the electrons and nuclei. Since the transformation between the laboratory and the internal coordinates is linear, the symmetrization operators, which originally are defined with respect to the laboratory coordinates, can be expressed in terms of the internal coordinates and directly applied to functions (2). 3 As mentioned, 10 000 ECGs were used for each state in the previous calculations concerning the lowest two pure vibrational states of T 2 . 6 In this work these two basis sets are increased to 11 000 for the ν = 0 state and to 12 000 for the ν = 1 state. The increase is done by adding new functions to the set. The functions are added one by one in subsets of 100 and their non-linear parameters are optimized by the variational energy minimization. Each time the parameters of the optimized function are changed, the generalized eigenvalue problem is solved to determine the linear expansion coefficients and to assure that the total energy is an upper bound to the exact nonrelativistic energy of the state considered in the calculation.
The initial form of the newly added function is generated by randomly perturbing the non-linear parameters of some most contributing functions already included in the basis set and choosing the function which lowers the energy the most. After the addition of each 100-ECG subset to the basis set the whole set is reoptimized. In this reoptimization the ECGs are again optimized one by one. Such an approach allows for better control over linear dependencies between ECGs, which may arise in the optimization, because each reoptimized function can be checked for linear dependencies with all other functions in the set and, if any are found, the function is returned to its original form it had before the reoptimization.
The ECGs used in the calculations have to be square integrable. This automatically happens if A k is represented in a Cholesky-factored form, A k ≡ L k L k , with L k being a lower triangular real matrix. The non-zero matrix elements of L k can vary in the (−∞, +∞) range. The elements of the L k matrices are the nonlinear parameters which are optimized for each basis functions. Additionally, the m k power of r 1 of the function is also optimized. This is done only once after the function is first included in the basis set. The nonlinearparameter optimization is the most time consuming step of the calculation. To expedite the optimization process for the L k matrix elements the analytical gradient of the energy functional determined with respect to these elements is used in the optimization.
The above-described procedure is also applied to generate the basis sets for the remaining ν = 2, . . . , 26 states. Again, for each state the basis set is generated in a separate calculation. At the start of the calculation, 10 000 ECGs generated for the state located just below the considered state are included in the basis set and their L k parameters are thoroughly No (6) reoptimized (m k powers are not reoptimized) by cycling over all functions in the set multiple times and performing the optimization of only one function at a time. After that the basis set is grown in the same way as it was done for the ν = 0 and ν = 1 states. The growing process stops when the energy of the state does not change by more than about 0.5 × 10
hartree. As the number of vibrational nodes in terms of the r 1 coordinate increases with the vibrational excitation, more ECGs are needed for the higher states than for the lower ones. The largest number of basis functions equal to 16 000 is generated for the ν = 24 state. Reusing the first 10 000 ECGs from the ν = k − 1 state to initiate the calculation for the ν = k state is justified by the observation made in the analysis of the H 2 basis. This analysis showed that, while for the first few pure vibrational states the m k powers in the preexponential ECG multipliers are mostly smaller numbers in the 0-250 range, the powers for higher states are approximately evenly distributed in the whole range of the allowed powers. That approach was also employed in generating the initial basis sets for the top states in the D 2 calculations. 8 After the basis sets and the corresponding non-BO wave functions have been generated for all 27 states, which has involved several months of continuous calculations, some expectation values involving inter-particle distances are generated. The results of the calculations are shown and discussed in Sec. III.
III. THE RESULTS
In Table I we present the total nonrelativistic energies of all 27 pure vibrational states of T 2 obtained in the TABLE III. Some expectation values calculated for the pure vibrational states of the T 2 molecule with the non-BO nonrelativistic wave functions expanded in terms of explicitly correlated Gaussians. The basis set of the largest size for each state is used. r t − t , r t − e , and r e − e denote the triton-triton, triton-electron, and electron-electron distances, respectively. All values are in a.u. calculations. The convergence of the energy with the number of ECGs in the basis set is shown for each state. As one can see, the convergence is noticeably better for the lower states than for the upper states despite using for larger basis sets for the latter states. The number of ECGs in the basis set varies from 11 000 for the ground state to 16 000 for the ν = 24 state. The present results are compared in Table I with the results of Wolniewicz 9 obtained using the conventional approach employing a potential energy curve, which includes adiabatic corrections. The Wolniewicz's results are also corrected for the nonadiabatic effects. The comparison shown that, in general, the two sets of results agree with each other. However, as one notices, our energies are slightly lower by about 0.01 cm −1 for the few lowest states than the Wolniewicz's energies, then the difference decreases to eventually become negative and equal to about −0.01 cm −1 for the top states.
In Table II , T 2 dissociation energies corresponding to all bound 27 pure vibrational states are shown. For each energy value we provide an estimate of the error, which is due to the basis-set incompleteness. This incompleteness rises with the excitation level. As one can see the present non-BO calculations have been converged to a very high accuracy at the nonrelativistic level. As the non-BO approach directly and explicitly includes accounting for the finite-nuclear-mass effects in the calculations, these effects (both adiabatic and nonadiabatic) are included to very high accuracy in the energy and in the wave function. They are also accounted for in the expectation value calculations, as those values are determined using the nonrelativistic non-BO wave functions.
The calculated expectation values include the following average quantities: the inverse of the triton-triton distance, 1/r t − t , the inverse of the triton-electron distance, 1/r t − e , the inverse of the electron-electron distance, 1/r e − e , the triton-triton distance, r t − t , the triton-electron distance, r t − e , the electron-electron distance, r e − e , the square of the triton-triton distance, r 2 t−t , the square of the tritonelectron distance, r 2 t−e , the square of the electron-electron distance, r 2 e−e , the contact triton-electron density, δ(r t−e ) , and the contact electron-electron density, δ(r e−e ) . The results are shown in Table III . The expectation values show the expected trends. The average t-t distance increases with the vibrational excitation. For the highest ν = 26 state, which is predicted to be marginally bound by only about 0.06 cm −1 , the average t-t distance is over 20 a.u. This is three times larger than for the next lower state. Same is true for the deuteron-electron and electron-electron average distances.
These results indicate that, as this state is very close to the dissociation threshold, it may involve a higher level of coupling of the motions of the electrons and the nuclei. This coupling is automatically included in our non-BO calculations.
IV. SUMMARY
In this work we present very accurate non-BO calculations of the whole pure vibrational spectrum of the T 2 molecule performed with all-particle explicitly correlated Gaussian functions. Depending on the state the basis set size varies from 11 000 to 16 000. The exponential parameters of the Gaussians are extensively optimized using the standard variational method aided with the analytically calculated energy gradient determined with respect to these parameters. The high accuracy of the calculations is achieved mainly due to the use of the gradient which significantly expedites the optimization process. As the expected accuracy of the results is very high, they may provide useful benchmark values for conventional calculations performed using the conventional BO approach based on the potential energy curve.
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